The purpose of this paper is to introduce some foliated generalizations of category, in the sense of Lusternik and Schnirelmann. We generalize the classical LS-theory to foliations and prove a generalization of the Lusternik and Schnirelmann's main result for compactHausdorff foliations.
Introduction
The LS-category was introduced in the course of research into the calculus of variations in 1930 [17] . The motivation was that it gives a lower bound for the number of critical points of any smooth function on a compact manifold. For a survey in LS-category see [14, 15] .
There are many extensions of the original concept adapted to various contexts such as the fibrewise category, introduced by I.M.James and J.Morris [16] and the equivariant category, by E.Fadell [9] .
A good category for foliations should be an invariant of homotopy type , for some type of homotopy compatible with the foliated structure.
We propose on the one hand the tangential category, cat t (M, F), which coincides with the category of the leaves when the foliation is a product and on the other hand the transverse category, cat ∩ | (M, F), that coincides with the category of the leaf space if the foliation is a fibration.
In general, we can compare these foliated categories with the ordinary category of the ambient manifold, the leaf space and the leaves.
Cohomological lower bounds for the tangential and transverse category can be obtained in terms of leafwise and basic cohomology respectively.
Finally, we give a generalization of Lusternik-Schnirelmann's main result. Precisely, if (M, F) is a compact-Hausdorff foliation and f is a basic function on M then the number of critical leaves is at least cat ∩ | (M, F).
LS-category
Given a topological space X, a subset U of X is categorical if U is contractible in X. The category of X, catX, is the least number of categorical open sets required to cover X. If no such covering exists, the category is said to be infinite.
Category is an invariant of homotopy type.
If X is connected and catX is finite then catX ≤ 1 + dimX, where dim denotes covering dimension. To obtain lower bounds for category we consider a cohomology theory with any coefficient ring. We have catX ≥ nilH * (X).
The Lusternik-Schnirelmann's main theorem asserts that if M is a compact manifold and f is a smooth function on M then the number of critical points of f is at least catX.
Fibrewise category
The following outline summarizes basic facts of the fibrewise context. A fibrewise space is a topological space X together with a projection p X over a given base space B. A fibrewise constant map between fibrewise spaces is a map c: X → Y such that there exists a section s: B → Y of p Y with c = sp X . A fibrewise nulhomotopy is a fibre-preserving homotopy into a fibrewise constant map.
A subset U of a fibrewise space X is said to be fibrewise categorical if the inclusion U ⊂ X is fibrewise nulhomotopic. The fibrewise category of X, cat B X, is the least number of fibrewise categorical open sets required to cover X. If no such covering exists, the fibrewise category is said to be infinite.
Fibrewise category is an invariant of fibrewise homotopy type.
To obtain cohomological lower bounds for fibrewise category we take the quotient of the reduced cohomologyH * (X) by the ideal generated by the subring p * H * (B). We have that
.
The fibrewise category of a product coincides with the category of the fibre. Consider the space F × B for any space F . If U ⊂ F is a categorical subset of F then U × B is fibrewise categorical. For any fibrewise categorical subset V ⊂ F × B the fibrewise nulhomotopy restricted to F gives a contraction of V in F . So cat B (F × B) = catF .
If the projection has no global sections, fibrewise category is not finite. In order to avoid such requirement we give a generalization that only requires local sections [2] . We describe a subset U of a fibrewise space X to be local fibrewise categorical if there exists a local section s: p(U ) → X such that the inclusion U ⊂ X is fibrewise homotopic to the map c = sp U , where p U : U → p(U ) is the restriction of p. So, the local fibrewise category of X, cat p X, defined in the same way, only requires the existence of local sections.
We assert that if p: X → B is a locally trivial bundle with fibre F then catF ≤ cat p X ≤ catF catB. Therefore for all non-trivial principal bundles the local fibrewise category is finite whereas the fibrewise category is infinite.
But the existence of local sections implies the fibres are closed. So, for all maps p: X → B in which p −1 (b), b ∈ B is not closed we have infinite fibrewise and local fibrewise category. This fact motivated the search for a better notion of category suitable to any foliation.
Equivariant category
There are several different developments of an equivariant version of the classical theory [9, 18, 6] . They all coincide in the initial step of definitions and some basic facts.
Let G be a compact Lie group acting on a topological space X. A homotopy between G-spaces is equivariant if H t (gx) = gH t (X), x ∈ X, g ∈ G. An invariant subset U ⊂ X is said to be G-categorical if there exists an equivariant homotopy H: U × I → X of the inclusion such that H 1 : U → X has image in a single orbit. The equivariant category of X is the least number of G-categorical open sets required to cover X.
Equivariant category is an invariant of equivariant homotopy type.
If G acts freely on M , then the equivariant category coincides with the ordinary category of the orbit space. When the action is not necessarily free it is just bounded below by the category of the orbit space, catX/G ≤ cat G X.
To obtain cohomological lower bounds, take the Borel cohomology H G (X) = H(EG× G X), the latter being theČech cohomology of the orbit space of the product EG×X with respect to the diagonal action. Then
Foliated categories
We propose two generalizations of category adapted to the field of foliations that provide two new invariants of the (integrable, foliated) homotopy type.
We will assume manifolds and foliations are smooth.
Let (M, F) and (M , F ) be foliated manifolds. A smooth map f : (M, F) → (M , F ) is said to be foliated if it sends leaves into leaves. A homotopy
The notation F ×R will denote integrable homotopy. And the homotopy is foliated if it is a foliated map considering M × R foliated by leaves L, L ∈ F. We use F to denote foliated homotopy. An integrable homotopy induces an homeomorphism between leaf spaces whereas a foliated homotopy induces just a homotopy, in the ordinary sense.
Tangential category
An open subset U of M is tangentially categorical if the inclusion map (U,
is integrably homotopic to a map constant on each leaf of F U . Here U is regarded as a foliated manifold with the foliation F U induced by F on U . A distinguished open set of a foliated chart is always categorical, so cat t (M, F) is finite in compact manifolds.
Tangential category is an invariant of integrable homotopy type.
We have that cat t (M, F) ≥ catL for any leaf L ∈ F since the integrable homotopy on a tangentially categorical subset U restricted to a leaf of F U gives a contraction on the corresponding leaf of F. We will say that a foliated manifold is tangentially contractible if cat t (M, F) = 1. In this case every leaf is contractible and closed. Thus, if M is a compact manifold, (M, F) is tangentially contractible iff F is by points. The contractibility of every leaf is not sufficient to contract tangentially the manifold, as shown by the example of the linear foliation on the torus with irrational slope.
If the projection π: M → M/F onto the space of leaves has a global section, we can compare the tangential category with the fibrewise category of M as a fibrewise space over M/F. It is clear that
Finally we can obtain cohomological lower bounds considering the tangential cohomology [12] .
An r-form ω ∈ Ω r (M ) is a tangential form if it can be written locally as
where (x 1 , . . . , x p , y) is a distinguished open set of a foliated chart.
The space of tangential forms Ω F (M ) has a differential d F defined as one does classically for an r-form with y playing the role of a parameter. We call its cohomology H F (M ) the tangential cohomology of (M, F). If the foliation is by points, the tangential cohomology is 0 in positive degrees. We can define a relative tangential cohomology considering the complex
We have the exact sequence of the pair
We define a product [5] in relative tangential cohomology and prove:
The tangential cohomology of a manifold is in general hard to calculate. W.Singhof and E.Vogt [22] gave a cohomological bound for the tangential category using ordinary cohomology instead of foliated cohomology which allows explicit calculation of the tangential category in many cases.
The same authors prove also a generalization of the classical estimate of category by the dimension of the space.
This estimate together with the lower bound by the category of the leaves, give the exact value of the tangential category for a large number of foliations, namely all foliations containing a leaf L such that catL = dim L + 1. Classes of manifolds verifying this condition have been studied (see J.Oprea and J.Walsh [19] ) and include simplectic manifolds (M 2n , ω) with ω| π 2 M = 0, aspherical and hyper-aspherical manifolds.
In particular,
1. For any flow F in a compact manifold M , cat t (M, F) = 2 2. For any 2-dimensional Seifert fibration F, cat t (M, F) = 3 3. Any 2-dimensional foliation in the 3-sphere has tangential category 3
Transverse category
An open subset U of M is transversely categorical if the inclusion map (U, F U ) → (M, F) factors through a leaf up to foliated homotopy. Transverse category is an invariant of foliated homotopy type which is finite on compact manifolds.
We will say that a foliated manifold is transversely contractible if cat ∩ | (M, F) = 1. This implies the contractibility of the leaf space (in the ordinary sense). The contractibility of the leaf space is not sufficient to contract the manifold transversely, as shown again by the linear foliation on the torus. If the slope is irrational, the leaf space is contractible since the quotient topology is the coarse topology. The transverse category is 3 since the torus admits a covering by 3 distinguished open sets and the transverse category is bounded below by the category of the torus (because the leaves are contractible).
Even when the leaf space is a better space, its contractibility does not imply the transverse contractibility of the foliated manifold. Consider the Seifert fibration on the Klein bottle K = S 1 × Z 2 S 1 , Z 2 acting by reflection in the second factor. The leaves of F are the images in K of S 1 × {y}, y ∈ S 1 . The leaf space is K/F = [−1, 1]. So (K, F) is not transversely contractible whereas the leaf space is contractible.
If the foliation is defined by an action of a compact Lie group, i.e. if the action is locally free, we can compare the transverse category with the equivariant category of M as a G-space. We claim
Finally we can obtain cohomological lower bounds considering the basic cohomology [21] .
An r-form ω ∈ Ω r (M ) is a basic form if it can be written locally as
where (x, y 1 , . . . , y q ) is a distinguished open set of a foliated chart.
We denote Ω b (M ) the complex of basic forms with the restriction of the differential on Ω(M ). Its cohomology H b (M ) is the basic cohomology of (M, F). If the foliation is by one leaf, the basic cohomology is 0 in positive degrees. We define a relative basic cohomology considering the complex [1] :
. In this way we have a long exact sequence in basic cohomology associated to the pair (M, U ).
where k * is the induced by the inclusion map k:
We generalize the classical result of Varadarajan [24] about the categories of the spaces involved in a fibration.
Theorem 5.10 Let L 0 ∈ F be a leaf such that catL 0 ≥ catL. Then catM ≤ catL 0 cat ∩ | (M, F).
Saturated transverse category
We can define a transverse category in a stronger form requiring M to be covered by saturated open categorical sets. Obviously the transverse category cannot exceed the saturated transverse category. The linear foliation on T 2 with irrational slope shows that transverse category can be finite even when saturated transverse category is infinite.
This invariant coincides with the category of the leaf space for a foliation defined by a fibration. In general the saturated transverse category is a subtle invariant.
Compact-Hausdorff foliations
Saturated transverse category provides a lower bound for the number of critical leaves of any basic function on a compact manifold endowed with a compact-Hausdorff foliation.
A compact-Hausdorff foliation is a foliation with all leaves compact and their leaf space is Hausdorff. The structure of compact-Hausdorff foliations has been studied by D.B.A.Epstein [8] , R.Edwards, K.Millet and D.Sullivan [7] and others. The basic structure theorem for compact-Hausdorff foliations states that for any leaf L there exists a finite subgroup G of the orthogonal group O(n), n = codimF; a homomorphism h: π 1 (L) → G and a leaf preserving diffeomorphism ofL × G D onto a neighborhood of L, where D is an open ball in R n andL is the covering space associated to the kernel of h. We call this neighborhood a standard neighborhood of L. This local model implies that M/F is a Satake manifold [23] .
The standard neighborhoods of the local model are transversely categorical since the radial contraction map R t : D → D defined by multiplying the points of D by t commutes with the action of G and so induces a foliated homotopy.
Proposition 5.13 Let F be a compact-Hausdorff foliation of a compact manifold M .
One of the open problems is to understand for what other classes of foliations must cat s ∩ | (M, F) be finite. The transverse saturated category can be finite even though F has non-compact leaves, and even when there is an exceptional minimal set for F. Examples of such foliations with cat s ∩ | (M, F) finite are given in [13] , where the following is shown:
Theorem 5.14 If M is a compact manifold and cat s ∩ | (M, F) < ∞ then F has a compact leaf.
Let f : M → R denote a basic function, that is, constant along the leaves. Consider the critical set K of f . It is saturated. The leaves L ⊂ K are called critical leaves of f . For any c ∈ R we write M c = f −1 (−∞, c] and K c = K ∩ f −1 (c). Our aim is to determine the number of critical leaves of f . 2. If c is an isolated critical value of f there are arbitrarily small neighborhoods U of K c and arbitrarily small > 0 such that there exists a foliated homotopy H t of M with
The proof is based on an extension of the standard methods of integrating the (foliated) gradient field ∇f (see [4] for details of the proof of the Proposition 5.15). 
We prove the theorem by proving the following Lemma 5.17 Let f : M → R be a basic function where M is a compact manifold with a compact-Hausdorff foliation F. Then
Computations of the saturated transverse category
In order to understand the information contained in the saturated transverse category of a foliation, we study further properties of this new invariant in particular classes of foliations. This study was begun by S. Hurder and H. Colman [3] who proved the following results.
For any foliation, we have catM/F ≤ cat s ∩ | (M, F). If the foliation is a fibration the saturated transverse category coincides with the category of the leaf space. For a compactHausdorff foliation the saturated transverse category can be arbitrarily large for a fixed leaf space M/F.
Our main result provides upper and lower bounds on the saturated transverse category in terms of the codimension of the foliation and the categories of certain associated spaces. Examples show that both the lower and upper bound are realized.
Let {E i } i=0,...,k be the Epstein filtration for a compact-Hausdorff foliation, where E 0 = M and E i+1 is the exceptional set of F| E i . We conjecture that Compact-Hausdorff foliations are a special case of compact foliations where all leaves are compact but the holonomy groups are allowed to be infinite. The saturated transverse category of these foliations is generally unknown.
